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Abstract
We study the properties of conformal operators in the SL(2) sector of planar N = 4 SYM and its su-
persymmetric SL(2|2) extension. The correlation functions of these operators and their form factors with 
respect to asymptotic on-shell states are determined by two different polynomials which can be identified 
as eigenstates of the dilatation operator in the coordinate and momentum representations, respectively. We 
argue that, in virtue of integrability of the dilatation operator, the two polynomials satisfy a duality rela-
tion – they are proportional to each other upon an appropriate identification of momenta and coordinates. 
Combined with the conventional N = 4 superconformal symmetry, this leads to the dual superconformal 
symmetry of the dilatation operator. We demonstrate that this symmetry is powerful enough to fix the 
eigenspectrum of the dilatation operator to the lowest order in the coupling. We use the relation between 
the one-loop dilatation operator and Heisenberg spin chain to show that, to lowest order in the coupling, the 
dual symmetry is generated by the Baxter Q-operator in the limit of large spectral parameter.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
1. Introduction
In this paper, we discuss the relation between dual superconformal symmetry in planar N = 4
SYM [1] and integrability of dilatation operator in the same theory (for a review, see [2]).
1 Unité de Recherche Associée au CNRS URA 2306.http://dx.doi.org/10.1016/j.nuclphysb.2014.07.014
0550-3213/© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
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ality to light-like polygon (super) Wilson loops [3–8] and to correlation functions in the light-
cone limit [9–11]. In a generic Yang–Mills theory, these objects depend on two different sets 
of variables (on-shell momenta of scattering particles versus coordinates of local operators in 
Minkowski space–time) and are not related to each other in a simple way. The very fact that such 
a relation exists in planar N = 4 SYM immediately leads to an enhancement of the symmetry 
– the conventional N = 4 superconformal symmetry of Wilson loops and correlation functions 
combined with the duality relation imply the dual superconformal symmetry of the scattering 
amplitudes.
The manifestation of the dual conformal symmetry can be also found in gauge theories with 
less supersymmetry including QCD. In particular, the dual symmetry has first emerged as the 
property of a particular class of scalar four-dimensional Feynman integrals [12,13]. It was also 
identified as the hidden symmetry of the BFKL equation [14] and its generalisations [15,16] and 
of the evolution equations governing the scale dependence of distribution amplitudes in QCD 
[17].
The dual superconformal symmetry acts naturally on the space of dual (super)coordinates 
(xi, θi). For the scattering amplitudes, they are related to the (super)momenta of on-shell states 
(pi, ηi) as [1]
pαα˙i = (xi − xi+1)αα˙, ηAi λαi = (θi − θi+1)A α, (1.1)
where pαα˙i = λαi λ˜α˙i are light-like momenta of particles in the spinor-helicity notation (with α, α˙ =
1, 2) and Grassmann variables ηAi (with A = 1, . . . , 4) serve to combine all asymptotic states 
into a single N = 4 on-shell superstate [18]. The dual symmetry is the exact symmetry of the 
scattering amplitudes in planar N = 4 SYM at tree level only. At loop level, it is believed that 
the scattering amplitudes in planar N = 4 SYM also respect the dual symmetry for arbitrary 
coupling, albeit in its anomalous form [19–22]. The tree-level amplitudes in N = 4 SYM are 
integrable in the sense that they are fixed by the dual and ordinary superconformal symmetry. 
The corresponding symmetry algebras do not commute and their (infinite-dimensional) closure 
has a Yangian structure [23]. This opens up the possibility to apply the quantum inverse scattering 
method to computing the tree-level amplitudes in N = 4 SYM [24].
In AdS/CFT description of the scattering amplitudes [3], the dual conformal symmetry arises 
at strong coupling from the symmetry of sigma-model on AdS5 ×S5 background under the com-
bined bosonic and fermionic T-duality [26–28]. Indeed, this sigma model is integrable and it 
possesses a lot of symmetries generated by the conserved charges [29,30]. The latter have been 
thoroughly studied in application to the energies of stringy excitations [2], or equivalently the 
eigenvalues of the dilatation operator in planar N = 4 SYM. The AdS/CFT correspondence sug-
gests that, despite the fact that the scattering amplitudes and dilatation operator have different 
meaning in planar N = 4 SYM, they should have the same symmetries at strong coupling re-
lated to those of sigma-model on AdS5 × S5. We can therefore ask what does integrability of 
the dilatation operator imply for the properties of the scattering amplitudes (and the S-matrix 
in general) and, vice versa, what is the manifestation of the dual conformal symmetry for the 
dilatation operator in planar N = 4 SYM?2
2 Indeed, the relation between leading order corrections to the dilatation operator and tree-level scattering amplitudes 
in planar N = 4 SYM has been proposed in [25].
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operators in N = 4 SYM
O(z) = tr[Z(nz1) . . .Z(nzL)]. (1.2)
These are nonlocal single-trace operators built from L copies of a complex scalar field Z(x) =
Za(x)T a , with T a being generators of the fundamental representation of the SU(Nc) gauge 
group. All scalar fields in (1.2) are located along the same light ray defined by the light-like 
vector nμ and variables z = (z1, . . . , zL) denote the set of (real valued) light-cone coordinates. 
It is tacitly assumed that the gauge invariance of (1.2) is restored by inserting the path ordered 
exponentials P exp(ig
∫ nzi+1
nzi
dx · A(x)) between the adjacent scalar fields on the right-hand side 
of (1.2). Such factors can be avoided by choosing the gauge (n ·A(x)) = 0.
The light-ray operators allow us to define two different functions that we shall denote as Φα(z)
and Ψα(p). The former depends on the light-cone coordinates of scalar fields and it is closely 
related to the operator product expansion of O(z). Namely, expansion of the light-ray operator 
(1.2) around zi = 0 produces an infinite set of local operators which mix under renormalisation
and form a closed SL(2) sector in N = 4 SYM. Diagonalising the corresponding mixing matrix, 
we can construct the conformal operators Oα(0) having an autonomous scale dependence. Then, 
the expansion of the light-ray operators over the basis of conformal operators takes the form
O(z) =
∑
α
Φα(z)Oα(0), (1.3)
where the coefficient functions Φα(z) are homogenous polynomials depending on light-cone 
coordinates of scalar fields z = (z1, . . . , zL) as well as on the coupling constant. The explicit 
form of Φα(z) can be found by diagonalising the dilatation operator in the SL(2) sector.
The second function, Ψα(p), is the form factor defined as the matrix element of the conformal 
operator Oα(0)
〈0|Oα(0)|P1, . . . ,PL〉 ∼ Ψ α(p), Pμi = pin¯μ, (1.4)
where complex conjugation Ψ α(p) ≡ (Ψα(p))∗ is introduced for the later convenience. Here 
the asymptotic state |P1, . . . ,PL〉 consists of L massless particles carrying the momenta aligned 
along the same light-cone direction n¯μ (with n¯2 = n2 = 0 and (nn¯) = 0) and p = (p1, . . . , pL)
being the corresponding light-cone components. The reason for such choice of particle momenta 
is motivated by the previous studies of analogous matrix elements in QCD. The matrix elements 
of the form (1.4) naturally appear in QCD description of hadrons as bound states of partons 
(quarks and gluons). In virtue of asymptotic freedom, the interaction between partons becomes 
weak at high energy. Therefore, when boosted into an infinite momentum frame, the hadron 
behaves as a collection of noninteracting partons moving along the same light-cone direction 
with the momenta Pμi = pi n¯μ. Then, the function Ψα(p) defines the projection of the composite 
state Oα(0)|0〉 onto one of its Fock components |P1, . . . ,PL〉 and has the meaning of light-cone 
distribution amplitude (for a review, see [31–33]).
As follows from their definition (1.3) and (1.4), the functions Φα(z) and Ψα(p) have a 
different interpretation and, therefore, should be independent on each other. Nevertheless, pre-
vious studies of three-particle (baryon) distribution amplitudes in QCD revealed [17] that, upon 
identification of light-cone momenta and coordinates as pi = zi − zi+1, the two functions are 
proportional to each other, to one-loop order at least. In the present paper, we generalise this 
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Ψα(p) = ξαΦα(z), pi = zi − zi+1, (1.5)
with zL+1 = z1. Notice that the proportionality factor ξα only depends on the quantum numbers 
of the conformal primary operator Oα(0) and on the coupling constant, but not on the dual 
coordinates. The relation pi = zi − zi+1 is very similar to the first relation in (1.1). In fact, the 
two relations are equivalent once we restrict the dual coordinates xμi to be aligned along the same 
light-cone direction
P
μ
i = n¯μpi, xμi = n¯μzi . (1.6)
The relation (1.5) is similar to the duality relation between scattering amplitudes and light-like 
Wilson loops mentioned above but this time it establishes the correspondence between the coef-
ficient functions and form factors of conformal primary operators.
As we explain below, to lowest order in the coupling, the duality relation (1.5) follows from 
integrability of the SL(2) dilatation operator. More precisely, to one-loop order the functions 
Φα(z) and Ψα(p) coincide with eigenstates of the SL(2) Heisenberg spin chain in the coordi-
nate and momentum representations, respectively, and their symmetry properties can be studied 
with a help of the Baxter Q-operator. This operator was first introduced by Baxter in solving the 
8-vertex model [34] and has proven to be a very powerful tool in solving a variety of integrable 
models [35–37]. In the case of the SL(2) Heisenberg spin chain, the Baxter operator Q(u) de-
pends on an arbitrary complex parameter u and satisfies the defining relations summarised below 
in Section 4.1. Its explicit construction was carried out in Ref. [38].
The Baxter Q-operator is the generating function of integrals of motions of the SL(2) spin 
chain. In particular, the one-loop dilatation operator in N = 4 SYM can be obtained from expan-
sion of Q(u) around u = ±i/2. As a consequence, to one-loop order, the functions Φα(z) have to 
diagonalise the operator Q(u) for any u. The dual symmetry arises when we examine the action 
of the Baxter Q-operator on Φα(z) for large values of the spectral parameter, u → ∞ [38],
Q(u)Φα(z) ∼ Ψα(p)+ O(1/u), pi = zi − zi+1. (1.7)
Since Φα(z) diagonalises the Baxter Q-operator, it follows from this relation that Φα(z) has 
to be proportional to Ψα(p) thus leading to (1.5). In this manner, the duality relation (1.5) is 
generated, to the lowest order in the coupling, by the leading term in the asymptotic expansion 
of Baxter Q-operator at infinity.
According to (1.7), the Baxter operator automatically generates the transition to the dual co-
ordinates, pi = zi − zi+1, thus equating to zero the total momentum of Ψα(p). This means that, 
in distinction with the conventional conformal symmetry, the dual conformal symmetry is only 
present for the vanishing total momentum, 
∑
i pi = 0. The same property has been previously 
observed in the analysis of scattering amplitudes and form factors in planar N = 4 SYM. For 
the scattering amplitudes, the condition 
∑
i P
μ
i = 0 is automatically satisfied. For the form fac-
tors, FO =
∫
d4x eix·q〈0|O(x)|P1, . . . ,Pn〉, the total momenta equals the momentum transferred, ∑
i P
μ
i = qμ. At weak coupling, the explicit calculation of form factors showed [39] that the dual 
conformal symmetry is only present for the vanishing momentum transferred, qμ = 0. At strong 
coupling, the same result follows from a dual description of the form factor [40] in terms of min-
imal area attached to infinitely periodic zig-zag light-like contour located at the boundary of the 
AdS5 and built from light-like momenta Pμi . The dual conformal symmetry of the form factor 
is broken for qμ = 0 because the above mentioned kinematical configuration is not stable under 
conformal transformations.
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ators. These operators are obtained from (1.2) by replacing the scalar field Z(zin) with gaugino 
and gauge strength fields in N = 4 SYM. To deal with such operators it is convenient to em-
ploy the light-cone superspace formalism [41,42]. It allows us to combine various components 
of fields into a single light-cone superfield Z(zin, θi) (with i = 1, . . . , L) and use it to construct 
the corresponding supersymmetric light-ray operator [43,44]. Going through the same steps as 
before, we can define supersymmetric extension of the coefficient functions Φα(Z) and form 
factors Ψα(P ) depending, respectively, on the set of L light-cone supercoordinates Z = {zi, θi}
and conjugated supermomenta P = {pi, ϑi}. The functions entering the duality relation (1.5) are 
the lowest components in the expansion of Φα(Z) and Ψα(P ) in powers of Grassmann variables. 
We show in this paper that the duality relation also holds for the remaining components
Ψα(P ) = ξαΦα(Z), pi = zi − zi+1, ϑAi = θAi − θAi+1. (1.8)
As compared with the general form of duality transformation (1.1), the last two relations in (1.8)
correspond to the collinear limit xαα˙i = zi n¯αα˙ and θAαi = θAi λα (with n¯αα˙ = λαλ˜α˙). As before, to 
the lowest order in the coupling, the duality relation (1.8) is generated by the Baxter Q-operator 
for supersymmetric generalisation of the SL(2) Heisenberg spin chain [45,46].
The paper is organised as follows. In Section 2 we describe the properties of light-ray opera-
tors in N = 4 SYM and formulate the duality relation (1.5). In Section 3 we verify this relation at 
one loop by diagonalising the dilatation operator in the SL(2) sector. In Section 4 we explain the 
origin of the dual conformal symmetry of the one-loop SL(2) dilatation operator and demonstrate 
that it is generated by the leading term in the asymptotic expansion of the Baxter Q-operator for 
large spectral parameter. We also argue that the dual symmetry is powerful enough to uniquely 
fix the eigenstates of the one-loop dilatation operator. In Section 5 we discuss supersymmet-
ric extension of the duality relation for a larger class of light-ray operators involving various 
components of gaugino and gauge fields in N = 4 SYM. Concluding remarks are presented in 
Section 6.
2. Light-ray operators
According to definition (1.2), the light-ray operator O(z) is given by the product of scalar 
fields located on the same light ray. Its expansion in powers of z = (z1, . . . , zL) produces an 
infinite set of local single-trace operators
O(z) =
∑
k
z
k1
1 . . . z
kL
L Ok(0),
Ok(0) = tr
[
D
k1+
k1! Z(0) . . .
D
kL+
kL! Z(0)
]
, (2.1)
where the sum runs over nonnegative integers k = (k1, . . . , kL) and D+ = (nD) stands for the 
light-cone component of the covariant derivative.
It is tacitly assumed that the operators Ok(0) are renormalised in a particular scheme (say 
minimal subtraction scheme) and depend on the renormalisation scale. The operators Ok(0) mix 
with each other under the change of this scale but we can diagonalised their mixing matrix and 
define the operators Oα(0) having an autonomous scale dependence. They are given by a linear 
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Oα(0) =
∑
k
ck,α
(
g2
)
Ok(0), (2.2)
with the expansion coefficients depending on ’t Hooft coupling constant g2 = g2YMN/(8π2). The 
coefficients c¯k,α = (ck,α)∗ coincide with the eigenstates of the all-loop mixing matrix in planar 
N = 4 SYM and are labelled by the index α (to be specified below).
2.1. Operator product expansion
Let us introduce the following polynomial
Ψ α(p) =
∑
k
ck,α
(
g2
) pk11
k1! · · ·
p
kL
L
kL! . (2.3)
It involves the same expansion coefficients as (2.2) and depends on the set of auxiliary variables 
p = (p1, . . . , pL). The polynomial (2.3) defines the symbol of the differential operator Ψα(∂z)
which projects the light-ray operator O(z) onto local operator Oα(0). Namely, the operator (2.2)
is obtained from the light-ray operator (1.2) by substituting pi → ∂zi on the right-hand side of 
(2.3) and applying the resulting differential operator Ψα(∂z) to both sides of (1.2)
Oα(0) = Ψ α(∂z)O(z)
∣∣
z=0. (2.4)
The pi -variables in (2.3) are conjugated to light-cone coordinates zi of scalar fields and have the 
meaning of the light-cone components of the momenta carried by scalar particles.
Inverting (2.2), we can expand Ok(0) over the basis of conformal operators Oα(0) and rewrite 
the first relation in (2.1) as
O(z) =
∑
α
Φα(z)Oα(0), (2.5)
where Φα(z) are (homogenous) polynomials depending on the light-cone coordinates of scalar 
fields. The main advantage of (2.5) as compared with the first relation in (2.1) is that each term 
on the right-hand side of (2.5) has a definite scaling dimension.
The two polynomials entering the right-hand side of (2.4) and (2.5) carry a different informa-
tion: Ψα(p) fixes the form of the local operator (2.4), whereas Φα(z) determines its contribution 
to the operator expansion (2.5). Since the light-ray operator (1.2) is invariant under the cyclic 
shift of scalar fields inside the trace, the polynomials should be cyclically invariant functions 
of their arguments.3 Together with (2.3) this implies that ck,α(g2) should be invariant under the 
cyclic shift of indices, ki → ki+1.
The polynomials Ψα(p) and Φα(z) are not independent on each other. Substituting (2.5) into 
the right-hand side of (2.4) and comparing the coefficients in front of Oα(0), we find that the 
polynomials have to satisfy the orthogonality condition
Ψ α(∂z)Φβ(z)
∣∣
z=0 = δαβ. (2.6)
In the similar manner, substitution of (2.4) into (2.5) yields the completeness condition
3 This property is ultimately related to the fact that the light-ray operator (1.2) is built from the same complex field. If 
the operator (1.2) involved different fields, as it happens in QCD, the above condition should be relaxed.
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α
Φα(z)Ψ α(p) = 1
L
L∑
i=1
exp (p1zi + · · · + pLzi+L−1), (2.7)
where zi+L ≡ zi and expressions on both sides of (2.7) are invariant under the cyclic shifts of z
and p. Note that relations (2.6) and (2.7) should hold for arbitrary coupling constant, indepen-
dently on the choice of the renormalisation scheme.
2.2. Conformal symmetry
Let us specify the quantum numbers of conformal operators Oα(0). According to (2.2), these 
operators are given by a linear combination of the basis operators Ok(0) built from L scalar 
fields and carrying the Lorentz spin S =∑i ki equal to the total number of covariant derivatives. 
In addition, the operators Oα(0) have a definite scaling dimension ΔS,α
ΔS,α = L+ S + γS,α
(
g2
)
, (2.8)
which receives an anomalous contribution γS,α(g2). We use index α here to indicate that there 
exist few operators carrying the same Lorentz spin S.
In virtue of conformal symmetry, the operators Oα(0) can be classified according to represen-
tation of the SO(2, 4) conformal group (for a review, see e.g. [33]). For the light-ray operators 
(1.2), the conformal symmetry reduces to its collinear SL(2) subgroup. This subgroup leaves the 
light-ray xμ = znμ invariant and acts on the light-cone coordinates z as
z → az + b
cz + d , ad − bc = 1. (2.9)
The corresponding transformation properties of the operator Oα ≡OS,α are
OS,α(zn) → (cz + d)−2jS,αOS,α
(
az + b
cz + d n
)
, (2.10)
where the conformal spin jS,α is related to the Lorentz spin of the operator and its scaling di-
mension as
jS,α = 12 (S + ΔS,α) = S +
1
2
L+ 1
2
γS,α
(
g2
)
. (2.11)
The generators of the SL(2) transformations (2.10) take the form of linear differential operators 
acting on the light-cone coordinates of the operators
L−OS,α(zn) = −∂zOS,α(zn),
L0OS,α(zn) =
(
z∂z + jS,α
(
g2
))OS,α(zn),
L+OS,α(zn) =
(
z2∂z + 2zjS,α
(
g2
))OS,α(zn). (2.12)
It is straightforward to verify that the SL(2) generators defined in this way satisfy the standard 
commutation relations [L0, L±] = ±L± and [L+, L−] = 2L0. The dependence of the last two 
relations in (2.12) on the coupling constant reflects the fact that the conformal generators L0
and L+ are modified by perturbative corrections. The generator L− is related to the light-cone 
component of the total momentum operator and is protected from loop corrections.
The operator OS,α(zn) belongs to the SL(2) representation labelled by the conformal spin 
jS,α . As follows from (2.12), the operator OS,α(0) defines the lowest weight of this represen-
tation and its descendants are given by total derivatives (L−)OS,α(0) = (−∂z)OS,α(zn)|z=0. 
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over different SL(2) moduli
O(z) =
∑
S,α
[
ΦS,α(z)OS,α(0)+ descendants
]
, (2.13)
where ‘descendants’ denote the contribution of the operators (L−)OS,α(0) and the index α
enumerates the conformal primary operators OS,α with the same Lorentz spin S. The conformal 
symmetry also fixes (up to an overall normalisation) the two-point correlation function of these 
operators
〈OS,α(x)OS′,α′(0)〉∼ δSS′δαα′ (xn)2S
(x2)S+ΔS,α
, (2.14)
with the scaling dimension ΔS,α given by (2.8).
Let us now consider the correlation function 〈O(z)OS,α(x)〉. Replacing the light-ray operator 
with its expansion (2.13) and making use of (2.14), we find that the correlation function receives 
a nonzero contribution from the operators (L−)OS,α(0) (with  = 0, 1, . . .) in (2.13) belonging 
to the same SL(2) moduli as OS,α(x). Moreover, taking the limit x → ∞ we find that the leading 
contribution only comes from the conformal primary operator ( = 0) whereas the contribution 
of descendants is suppressed by factor of 1/|x| leading to
〈
O(z)OS,α(x)
〉 x→∞∼ ΦS,α(z) (xn)2S
(x2)S+ΔS,α
. (2.15)
Thus the polynomial ΦS,α(z) defines the leading asymptotic behaviour of the correlation function 
〈O(z)OS,α(x)〉 at large distance x → ∞.
2.3. Form factors
Let us examine matrix elements of the conformal primary operators with respect to asymptotic 
(on-shell) states 〈0|OS,α(0)|P 〉.4 Here the asymptotic state |P 〉 consists of a fixed number of 
massless particles (scalars, gauginos and gluons) each carrying the on-shell momentum Pμi , 
certain helicity charge and the colour SU(N) charge T ai . The total colour charge of the state is 
zero, 
∑
i T
ai = 0, and the total momentum equals Pμ =∑i P μi .
Since the operators OS,α(0) arise from the expansion of the light-ray operator (2.13) it is 
natural to introduce the following quantity
F(z,P ) = 〈0|O(z)|P 〉 =
∑
S,α
ΦS,α(z)〈0|OS,α(0)|P 〉 + O(P · n), (2.16)
which can be thought of as a generating function of the form factors 〈0|OS,α(0)|P 〉. Making use 
of the orthogonality condition (2.6) we find from (2.16)
〈0|OS,α(0)|P 〉 = Ψ S,α(∂z)F (z,P )
∣∣
z=0. (2.17)
The last term on the right-hand side of (2.16) describes the contribution of the SL(2) descen-
dant operators. Such operators involve total derivatives of OS,α(0) and their matrix elements 
4 More general matrix elements of the form 〈P1|OS,α(0)|P2〉 can be obtained from 〈0|OS,α(0)|P 〉 by allowing some 
particles inside the state |P 〉 to carry negative energy.
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(Pn)〈0|OS,α(0)|P 〉. Therefore we can eliminate the contribution of conformal descendants 
to (2.16) by choosing (Pn) = 0. We shall make use of this fact later in the paper.
Let us consider (2.16) in the special case when the state |P 〉 consists of L scalars each carrying 
the light-like momentum Pμi aligned along the same light-like direction n¯μ (with n¯2 = 0)
P
μ
i = pin¯μ, Pμ = (p1 + · · · + pL)n¯μ, (2.18)
with −∞ < pi < ∞. In what follows we shall denote such state as |p〉. Then, evaluating the 
matrix element 〈0|O(z)|P 〉 to the lowest order in the coupling, we can be replace scalar fields 
inside O(z) by plane waves 〈0|Z(nz)|Pi〉 = ei(Pin)zT ai to get
F(z,p) = tr(T a1 . . . T aL) L∑
i=1
eip1zi+···+ipLzi+L−1 + perm, (2.19)
where we put (nn¯) = 1 for simplicity. Here the sum ensures the symmetry of F(z, p) under the 
cyclic shift of z’s (with zi+L ≡ zi ) and ‘perm’ denote terms with permutations of momenta and 
colour indices of particles. They are needed to restore the Bose symmetry of F(z, p).
Combining together (2.17) and (2.19), we obtain the following expression for the form factor 
of the conformal primary operator in the kinematical configuration (2.18), to the leading order in 
the coupling
〈0|OS,α(0)|p〉 = Ψ S,α(∂z)F (z,p)
∣∣
z=0
= [iSLΨ S,α(p) tr(T a1 . . . T aL)+ (perm)]. (2.20)
Here in the second relation we took into account that ΨS,α(p) is a cyclically invariant homoge-
nous polynomial in p = (p1, . . . , pL) of degree S. We conclude from (2.20) that the polynomial 
ΨS,α(p) defines the form factor 〈0|OS,α(0)|P 〉 in the multi-collinear kinematical configura-
tion (2.18).
2.4. Duality
The polynomials ΦS,α(z) and ΨS,α(p) depend on two different sets of variables: the former 
depends on the light-cone coordinates of scalar fields, whereas the latter is a function of the 
conjugated light-cone momenta. They define the wave function of the same L-particle state in the 
coordinate and momentum representations, respectively, and satisfy the orthogonality condition 
(2.6).5
We recall that the explicit form of the polynomial ΨS,α(p), Eq. (2.3), is determined by the 
eigenstates of the mixing matrix in the SL(2) sector. The polynomials ΦS,α(z) can then be 
obtained from the orthogonality condition (2.6). Since the functions ΨS,α(p) and ΦS,α(z) are 
defined in the two different representations, we do not expect them to be related to each other in 
an obvious way. The main goal of the present paper is to show that, due to integrability of the 
dilatation operator in planar N = 4 SYM, there exists the following relation between the two 
polynomials to the leading order in the coupling
ΨS,α(p) = ξS,αΦS,α(z), pi = zi − zi+1, (2.21)
5 The orthogonality condition (2.6) can be casted into the well-known quantum mechanical form. To see this we notice 
that 
∫
dx φ¯α(x)φβ(x) =
∫
dx φ¯α(x)e
x∂zφβ(z)|z=0 = ψα(i∂z)φβ(z)|z=0, with ψα(k) being the Fourier transform of 
φα(x).
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ity condition zi+L = zi is implied. Extension of (2.21) beyond the leading order will be discussed 
in the forthcoming paper [47].
Notice that the duality relation (2.21) is formulated for the conformal primary operators 
OS,α(0) but not for their descendants. The reason for this is that (2.21) becomes trivial for the de-
scendant operator (∂+)OS,α(0) (with  ≥ 1) involving a power of the total light-cone derivative. 
According to definition (2.4), the Ψ -polynomial for such operator is given by (∑i pi)ΨS,α(p)
and it vanishes upon substitution into the left-hand side of (2.21). Then, the duality relation im-
plies that the corresponding ξ -factor on the right-hand side of (2.21) vanishes as well.
The duality relation (2.21) leads to another interesting property of the polynomial ΦS,α(z). Let 
us consider the completeness condition (2.7) and substitute pi = wi − wi+1 (with wL+1 = w1). 
Since 
∑
i pi = 0, the conformal descendants produce a vanishing contribution to the left-hand 
side of (2.7). Then, we apply the duality relation (2.21) to get from (2.7)
∑
S,α
ξS,α ΦS,α(z)ΦS,α(w) = 1
L
L∑
i=1
exp (w12zi + · · · +wL1zi+L−1), (2.22)
where wi,i+1 ≡ wi − wi+1 and the expression on the right-hand side is invariant under transla-
tions and cyclic shifts of z and w. Since ΦS,α(z) is a homogenous polynomial of degree S, we 
can further simplify (2.22) as
∑
α
ξS,α ΦS,α(z)ΦS,α(w) = 1
L
L∑
i=1
1
S! (w12zi + · · · + wL1zi+L−1)
S. (2.23)
Here the sum on the right-hand side runs over the conformal primary operators carrying the same 
spin S.
We have demonstrated in the previous subsections that ΨS,α(p) and ΦS,α(z) have a simple 
interpretation, Eqs. (2.15) and (2.20), respectively. Then, the duality relation (2.21) establishes 
the correspondence between the correlation function 〈O(z)OS,α(x)〉 at large distances, x → ∞, 
and the form factor 〈0|OS,α(0)|p〉 evaluated for the special configuration of the light-cone mo-
mentum pi = zi − zi+1.
In the rest of the paper, we demonstrate the validity of the duality relation (2.21) to the lowest 
order in the coupling and explain its relation to integrability of the dilatation operator.
3. Duality at the leading order
The polynomials ΨS,α(p) and ΦS,α(z) admit a perturbative expansion, e.g.
ΨS,α(p) = Ψ (0)S,α(p)+ g2 Ψ (1)S,α(p)+O
(
g4
)
. (3.1)
In what follows we shall restrict our consideration to the leading term Ψ (0)S,α(p). To simplify 
notations, we will not display the superscript ‘(0)’. The corresponding operator (2.4) is conformal 
primary at one loop – it does not mix with other conformal operators at one loop and diagonalises
the dilatation operator at order O(g2).
3.1. Conformal Ward identity
Let us start with reviewing the constraints imposed by the conformal symmetry on the poly-
nomials ΨS,α(p) and ΦS,α(z).
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free scalar fields Z(nzi). Each of them transforms under the conformal SL(2) transformations 
according to (2.10) with the conformal weight jZ = 1/2. Then, we use the relation (2.15) and 
require the correlation function 〈O(z)OS,α(x)〉 to be invariant under the conformal transforma-
tions generated by L− and L0, Eq. (2.12), to find that the polynomial ΦS,α(z) has to satisfy the 
conformal Ward identity
∑
i
∂ziΦS,α(z) =
(∑
i
zi∂zi − S
)
ΦS,α(z) = 0, (3.2)
so that ΦS,α(z) should be translationally invariant homogenous polynomial in z’s of degree S. 
The Ward identity for the L+ generator leads to the relation between ΦS,α(z) and the polynomi-
als corresponding to the descendant operators.
To obtain analogous relations for ΨS,α(p), we examine transformation properties of both sides 
of (2.4) under the SL(2) transformations, LaOS,α(0) = ΨS,α(∂z)LaO(z)|z=0. Here the SL(2)
generators La act additively on each scalar field inside O(z) and are given by (2.12) with jS,α
replaced by the conformal spin of a free scalar field jZ = 1/2. Then, we impose the conditions 
(L0 − jS,α) OS,α(0) = L+OS,α(0) = 0 that follow from (2.12) to get(∑
i
pi∂pi − S
)
ΨS,α(p) =
∑
i
(
pi∂
2
pi
+ ∂pi
)
ΨS,α(p) = 0. (3.3)
We would like to emphasise that the relations (3.2) and (3.3) were obtained to the lowest order 
in the coupling. To higher orders, only the second relation in (3.3) is modified by perturbative 
corrections.
We recall that the polynomials have to satisfy the orthogonality condition (2.6),
Ψ S,α(∂z)ΦS′,α′(z)
∣∣
z=0 = δSS′δαα′ . (3.4)
As was already mentioned, this relation suggests that the two functions should be related to each 
other by a Fourier like transformation. Its explicit form has been worked out in Ref. [48]6
ΦS,α(z) =
∞∫
0
L∏
i=1
dpie
−piΨS,α(p1z1, . . . , pLzL) = ΨS,α(∂w)
L∏
i=1
(1 −wizi)−1
∣∣∣∣
w=0
. (3.5)
An unusual feature of this transformation is that it maps one polynomial satisfying (3.2) into 
another polynomial verifying (3.3). Replacing ΨS,α(p) in (3.5) with its general expression (2.3), 
we obtain the following result for the polynomial ΦS,α(z)
ΦS,α(z) =
∑
k
ck,α z
k1
1 . . . z
kL
L . (3.6)
We recall that ΦS,α(z) should be translationally invariant and, therefore, the coefficients ck,α are 
not independent. In addition, substituting (2.3) and (3.6) into (3.4) we find (for S = S ′) that they 
6 The inverse relation takes the form of the Fourier transform ΨS,α(p) =
∫ [Dz] ez·pΦS,α(z), where z · p ≡∑i zi pi
and integration goes over the unit disk, zi z¯i ≤ 1, in the complex z-plane with the SU(1, 1) invariant measure of spin 
j = 1/2.
S.É. Derkachov et al. / Nuclear Physics B 886 (2014) 1102–1127 1113have to satisfy the orthogonality condition∑
k
(ck,α)
∗ck,α′ = δαα′ , (3.7)
where the sum runs over L nonnegative integers k = (k1, . . . , kL) such that ∑i ki = S.
As an example, let us consider length 2 operators. In this case, for L = 2, the conformal Ward 
identity (3.2) fixes ΦS(z) up to an overall normalisation
ΦS(z) = c (z1 − z2)S. (3.8)
Comparison with (3.6) shows that the expansion coefficients are given by binomial coefficients, 
ck = c(−1)k
(
S
k
)
. Their substitution into (2.3) yields the polynomial ΨS(p) as [49,50]
ΨS(p) = c
S∑
k=0
(−1)S−kS!
(k!(S − k)!)2 p
k
1p
S−k
2 =
c
S! (p1 + p2)
SC1/2S
(
p1 − p2
p1 + p2
)
, (3.9)
where C1/2S (x) is the Gegenbauer polynomial and the normalisation factor c = [(S!)2/(2S)!]1/2 is 
fixed by (3.7). We can now test the duality relation (2.21) for L = 2. Replacing p1 = −p2 = z12
on the right-hand side of (3.9) we get
ΨS(p)
∣∣
pi=zi,i+1 = c
S∑
k=0
S!(z1 − z2)S
(k!(S − k)!)2 =
(2S)!
(S!)3 ΦS(z), (3.10)
in a perfect agreement with (2.21).
For L ≥ 3 the conformal symmetry (3.2) and (3.3) is not sufficient to fix the polynomials 
ΦS,α(z) and ΨS,α(p). To find them, we have to use integrability of the dilatation operator in 
planar N = 4 SYM.
3.2. Dilation operator at one loop
The explicit form of the conformal operators OS,α(0) and their anomalous dimensions γS,α
can be obtained by diagonalising the dilatation operator in the SL(2) sector of N = 4 SYM. 
Making use of (2.4) and (2.5), the corresponding spectral problem can be reduced to solving a 
Schrödinger like equation for the polynomials ΦS,α(z) and ΨS,α(p), e.g.
HΦS,α(z) = γS,α
(
g2
)
ΦS,α(z). (3.11)
To the lowest order in the coupling, the dilatation operator H can be mapped into a Hamiltonian 
of the SL(2) Heisenberg spin j = 1/2 chain of length L
H= g2[H12 + · · · +HL1] + O
(
g4
)
. (3.12)
Here the two-particle kernel Hi,i+1 acts locally on the light-cone coordinates zi and zi+1 of two 
neighbouring particles and admits the following representation [51–53,17]
Hi,i+1φ(zi, zi+1)
=
1∫
0
dτ
τ
[
2φ(zi, zi+1)− φ
(
(1 − τ)zi + τzi+1, zi+1
)− φ(zi, (1 − τ)zi+1 + τzi)],
(3.13)
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plays two particles with the coordinates zi and zi+1 in the direction of each other.
The Hamiltonian H defined in (3.12) and (3.13) maps a homogenous polynomial in z of 
degree S into another homogenous polynomial of the same degree. Then, replacing ΦS,α(z) in 
(3.11) with its general expression (3.6) and comparing the coefficients in front of different powers 
of z’s on the both sides of (3.11), we can obtain a system of linear homogenous equations for 
the expansion coefficients ck,α . The corresponding characteristic equation yields a polynomial 
equation for γS,α . Solving the system we should also take into account that ΦS,α(z) has to be 
both cyclically and translationally invariant homogenous polynomial in z of degree S. This leads 
to the additional selection rule for the possible solutions.
In this way, it is straightforward to solve (3.11) for lowest values of the total spin S. For 
instance, for S = 0, the Schrödinger equation (3.11) has a trivial solution ΦS=0(z) = 1 and 
γS=0(g2) = 0. The corresponding conformal operator OS=0 = tr[ZL] is a half-BPS state and 
its anomalous dimension vanishes to all loops. For S = 2 and L = 2, 3, 4 we find the following 
expressions
Φ
(L=2)
2 = c2 z212,
Φ
(L=3)
2 = c3
[
z212 + z223 + z231
]
,
Φ
(L=4)
2,± = c4,±
[
z212 + z223 + z234 + z241 + (1 ±
√
5 )(z12z34 + z23z41)
]
, (3.14)
where zij ≡ zi − zj and the normalisation factors are fixed by the condition (3.7) to be c22 = 1/6, 
c23 = 1/24 and c24,± = (3 ∓
√
5 )/160. The corresponding one-loop anomalous dimensions are
γ
(L=2)
2 = 6g2, γ (L=3)2 = 4g2, γ (L=4)2,± = (5 ±
√
5 )g2. (3.15)
Finally, we apply the relations (2.3) and (3.6) to obtain the corresponding expressions for the 
Ψ -polynomial
Ψ
(L=2)
2 = c2
(
1
2
p21 − 2p1p2 +
1
2
p22
)
,
Ψ
(L=3)
2 = c3
[
p21 + p22 + p23 − 2(p1p2 + p2p3 + p3p1)
]
,
Ψ
(L=4)
2,± = c4
[
p21 + p22 + p23 + p24 + 2(1 ±
√
5 )(p1p3 + p2p4)
− (3 ± √5 )(p1p2 + p2p3 + p3p4 + p4p1)
]
. (3.16)
By the construction, the polynomials (3.14) and (3.16) define the eigenstates of the one-loop 
dilatation operator in N = 4 SYM in the two representations.
Let us verify that the obtained expressions satisfy the duality relation (2.21). To this end, we 
substitute pi = zi − zi+1 (with zi+L ≡ zi ) into the right-hand side of (3.16) and compare the re-
sulting expressions with (3.14). We find that, in a perfect agreement with (2.21), the polynomials 
are indeed proportional to each other,
Ψ
(L)
2 (pi = zi,i+1) = ξ (L)2 Φ(L)2 (zi), (3.17)
with the proportionality factor given (to the lowest order in the coupling) by
ξ
(L=2)
2 = 3, ξ (L=3)2 = 2, ξ (L=4)2,± =
5 ± √5
. (3.18)2
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of Algebraic Bethe Ansatz [54–57]. In this method, the Φ- and Ψ -polynomials coincide with the 
Bethe states in the z- and p-representations, respectively. Examining their explicit expressions 
one can verify that the duality relation (2.21) holds for arbitrary S and L.
4. Dual symmetry from the Baxter Q-operator
We have demonstrated in the previous section that the one-loop dilatation operator possesses 
the dual symmetry (2.21). To understand the origin of this symmetry we use the above mentioned 
relation between the one-loop dilatation operator and the SL(2; R) Heisenberg spin chain. The 
latter model is exactly solvable and its eigenspectrum can be obtained using different technique 
[54–57]. For our purposes it is convenient to employ the method based on the Baxter Q-operator.
4.1. Baxter Q-operator
The method relies on the existence of the operator Q(u) which encodes an information about 
all conserved charges of the SL(2; R) Heisenberg spin chain. It acts on the space of polynomials 
Φ(z), depends on an arbitrary complex parameter u and satisfies the following defining relations[
Q(u),Q(v)
]= [Q(u), T (v)]= 0,
Q(u + i)(u + i/2)L +Q(u − i)(u − i/2)L = T (u)Q(u), (4.1)
where T (u) = 2uL +q2uL−2 +· · ·+qL is the so-called auxiliary transfer matrix and qk are com-
muting conserved charges. Then, to the lowest order in the coupling, the Schrödinger equation 
(3.11) can be replaced with an analogous equation for the Baxter Q-operator
Q(u)ΦS,α(z) = QS,α(u)ΦS,α(z). (4.2)
The solutions to (4.2) are characterised by the complete set of the conserved charges q2, . . . , qL. 
This allows us to identify index α with the set of their eigenvalues α = (q2, . . . , qL).
For the SL(2; R) magnet of an arbitrary length L and (positive half-integer) spin j , the Baxter 
operator has been constructed in Ref. [38]. For our purposes we need its expression for j = 1/2
Q(u)Φ(z1, . . . , zL)
= cQ
[

(
iu+ 1
2
)

(
−iu+ 1
2
)]−L
×
1∫
0
L∏
i=1
dτi τ
−iu−1/2
i (1 − τi)iu−1/2 Φ
(
τ1z1 + (1 − τ1)z2, . . . , τLzL + (1 − τL)z1
)
,
(4.3)
where cQ is a normalisation factor and Φ(z1, . . . , zL) is a test function. This operator satisfies 
the following relations
Q(i/2) = cQ, Q(−i/2) = cQ P, (4.4)
where P is the operator of cyclic shift, zi → zi+1. The Hamiltonian H, or equivalently the one-
loop dilatation operator (3.12), is related to the expansion of Q(u) around u = ±i/2
H= g2[i(lnQ(i/2))′ − i(lnQ(−i/2))′]+O(g4), (4.5)
where prime denotes a derivative with respect to the spectral parameter u.
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tor (4.3). As follows from the second relation in (4.1), the eigenvalues of the operator QS,α(u)
satisfy the second-order finite-difference equation, the so-called TQ-relation. Having solved this 
equation, we can evaluate the one-loop anomalous dimension from (4.5) as
γS,α = g2
[
i
(
lnQS,α(i/2)
)′ − i(lnQS,α(−i/2))′]+O(g4). (4.6)
In addition, the condition for ΦS,α(z) to be cyclic invariant function of zi leads to the selection 
rule for QS,α(u)
QS,α(−i/2) = QS,α(i/2), (4.7)
which follows from (P − 1)ΦS,α(z) = 0 combined with (4.4).
It is straightforward to verify that the eigenstates ΦS,α(z) found in the previous section, indeed 
diagonalised the Baxter Q-operator (4.3). For S = 0, we substitute ΦS=0(z) = 1 into (4.2) and 
(4.3) to find QS=0(u) = cQ. For S = 2, we use the relation (3.14) to get the corresponding 
eigenvalues
Q
(L=2)
2 (u) = −
1
12
+ u2,
(
q2 = −132
)
,
Q
(L=3)
2 (u) = −
1
4
+ u2,
(
q2 = −192 , q3 = 0
)
,
Q
(L=4)
2,± (u) = −
1
4
±
√
5
10
+ u2,
(
q2 = −13, q3 = 0, q4 = 218 ±
√
5
)
. (4.8)
Here we also indicated the corresponding values of the conserved charges q2, . . . , qL. They are 
uniquely fixed by the TQ-relation (4.1).7 Also, the expressions (4.8) satisfy the normalisation
condition Q(u) ∼ uS at large u which fixes the constant cQ in (4.3). The substitution of (4.8)
into (4.6) yields the correct result for the one-loop anomalous dimensions (3.15).
For arbitrary total spin S and length L, the eigenvalues of the Baxter operator (4.3) are given 
by polynomials in u of degree S
QS,α(u) =
S∑
k=0
cku
k =
S∏
k=1
(u− uk), (4.9)
with the expansion coefficients ck and roots uk depending on the conserved charges. The relation 
(4.9) corresponds to the particular choice of the normalisation factor cQ in (4.3). We find from 
the first relation in (4.4) that it is given by
cQ = QS,α(i/2) =
S∏
k=1
(
i
2
− uk
)
. (4.10)
Requiring QS,α(u) to satisfy the TQ-relation (4.1), we find (by putting u = uk on both sides of 
(4.1)) that the parameters uk verify the Bethe equations for the SL(2) Heisenberg magnet of spin 
1/2 (
uk + i/2
uk − i/2
)L
=
∏
n=k
uk − un − i
uk − un + i . (4.11)
For the SL(2; R) magnet the roots uk take real values only.
7 It follows from the TQ-relation at large u that q2 = −(S + L/2)(S + L/2 − 1) − L/4.
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In this subsection, we show following Ref. [38] that the dual symmetry can be derived from 
the asymptotic expansion of both sides of (4.2) at large u. In this limit, the eigenvalues of the 
Baxter Q-operator (4.9) scale as
QS,α(u) = uS
[
1 −
∑
k uk
u
+O(1/u2)]. (4.12)
This suggests that the operator Q(u) should admit similar expansion
Q(u)ΦS,α(z) = uS
[
Q(0) + 1
u
Q(1) +O(1/u2)]ΦS,α(z), (4.13)
with Q(0), Q(1), . . . being mutually commuting operators. Substituting (4.12) and (4.13) into 
(4.2), we compare the coefficients in front of powers of u to find
Q(0)ΦS,α(z) = ΦS,α(z),
Q(1)ΦS,α(z) = −
(∑
k
uk
)
ΦS,α(z), . . . (4.14)
To get explicit expression for the operators Q(0), Q(1), . . . , we apply (3.5) and replace a test 
polynomial Φ(z) on the right-hand side of (4.3) with its expression in terms of polynomial Ψ (p),
Φ(z) = Ψ (∂w)
L∏
i=1
(1 −wizi)−1
∣∣∣∣
w=0
. (4.15)
Then, integration over α-parameters in (4.3) yields another (equivalent) representation for the 
Q-operator
Q(u)Φ(z) = cQΨ (∂w)
L∏
i=1
(1 − wizi)iu−1/2(1 −wizi+1)−iu−1/2
∣∣∣∣
w=0
. (4.16)
Finally, we rescale the auxiliary parameters wi → wi/u and expand the product on the right-hand 
side in powers of 1/u to get after some algebra
Q(u)Φ(z)
= cQ
[
1 + i
2u
L∑
i=1
(zi + zi+1)
(
pi∂
2
pi
+ ∂pi
)+O(u−2)
]
Ψ (−iup)
∣∣∣∣
pi=zi,i+1
, (4.17)
where we used a shorthand notation for cp ≡ (cp1, . . . , cpL). To match (4.13), we replace test 
functions in (4.17) by the eigenfunctions ΦS,α and ΨS,α to get
Q(0)ΦS,α(z) = (−i)ScQ ΨS,α(p)|pi=zi,i+1 ,
Q(1)ΦS,α(z) = 12 (−i)
S−1cQ
∑
i
(zi + zi+1)
(
pi∂
2
pi
+ ∂pi
)
ΨS,α(p)
∣∣∣∣
pi=zi,i+1
, . . . (4.18)
As follows from the first relation, the operator Q(0) generates the duality transformation – it trans-
forms the polynomial ΦS,α(z) from the coordinate to momentum representation and assigns the 
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we conclude from (4.18) that it has to satisfy the duality relation (2.21) with
ξS,α = iS/cQ = iS/QS,α(i/2) =
[
S∏
k=1
(
1
2
+ iuk
)]−1
, (4.19)
where the second relation follows from (4.10). We verified that for S = 2 this relation is in an 
agreement with (3.18) and (4.8).
In the similar manner, we can equate the expressions for Q(1)ΦS,α(z) (as well as for the 
remaining subleading terms in the large u expansion of the Baxter operator) on both sides of 
(4.14) and (4.18) to obtain the additional relations between ΨS,α(p) and ΦS,α(z). As we show 
in the next subsection, for the polynomials verifying (2.21), these relations are automatically 
fulfilled.
4.3. Dual symmetry at work
Let us understand to which extend the dual symmetry (2.21) fixes the polynomials ΨS,α(p)
and ΦS,α(z). Since the relation (2.21) involves ΨS,α(p) evaluated for pi = zi − zi+1, we might 
expect that it will allow us to obtain ΨS,α(p) for the vanishing total momentum only, 
∑
i pi = 0. 
As we will see in a moment, this is not the case – the dual symmetry determines the polynomial 
ΨS,α(p) for arbitrary total momentum.
To begin with, we apply (3.5) and rewrite the duality relation (2.21) as
ΨS,α(p1, . . . , pL)
∣∣
pi=zi−zi+1 = ξS,α
∞∫
0
L∏
i=1
dti e
−ti ΨS,α(t1z1, . . . , tLzL). (4.20)
In general, ΨS,α(p) is a homogenous polynomial in p = (p1, . . . , pL) of degree S, Eq. (2.3). It 
is uniquely specified by the set of the expansion coefficients ck,α invariant under the cyclic shift 
of integers k = (k1, . . . , kL). Substituting (2.3) into both sides of (4.20) we arrive at
∑
ck,α
(z1 − z2)k1
k1! · · ·
(zL − z1)kL
kL! = ξS,α
∑
ck,α z
k1
1 . . . z
kL
L , (4.21)
where the sum on both sides runs over nonnegative integers satisfying k1 + . . .+ kL = S.
Analysis of Eq. (4.21) goes along the same lines as in the beginning of Section 3.2. Namely, 
we compare coefficients in front of powers of z’s on both sides of (4.21) and obtain the system of 
linear homogenous equations for the coefficients ck,α . The characteristic equation for this system 
yields a polynomial equation for ξS,α . Then, each solution ξS,α leads to a definite expression for 
ck,α (modulo an overall normalisation) which we can use to determine the polynomial ΨS,α(p), 
Eq. (2.3), for arbitrary total momentum ∑i pi . The overall normalisation of ck,α is fixed by (3.7). 
It is straightforward to verify that for S = 2 and L = 2, 3, 4 the solutions to (4.21) obtained in 
this way coincide with those in (3.16).
Thus the duality relation (4.20) is powerful enough to determine the eigenstates of the one-
loop dilatation operator (3.11). According to (4.2), the same polynomials diagonalised the Baxter 
operator Q(u) for arbitrary u. Then, it follows from (4.13) that at large u solutions to (4.20) di-
agonalised the operators Q(0), Q(1), . . . defined in (4.18).
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In this section, we extend the duality symmetry to supersymmetric light-ray operators built 
from scalars and various components of gaugino and gauge strength fields in N = 4 SYM.
5.1. Light-cone superfields and superstates
Supersymmetric light-ray operators have the same form as (1.2) with complex scalar field 
Z(x) replaced by the (chiral) superfield (see Eq. (5.8) below)
Z(x, θ) = eθaQanZ(x) = Z(x)+ θaψan (x)+
1
2
θaθb
abFn(x). (5.1)
Here θa are odd (Grassmann) coordinates and the generators of supersymmetric transformations 
Qan (with a = 1, 2) are given by two linear combinations of N = 4 supercharges
Qan = λα(n)Qaα, nαα˙ = λα(n)λ˜α˙(n), (5.2)
with nαα˙ = nμ(σμ)αα˙ (with α, α˙ = 1, 2) being the light-like vector entering the definition of 
the light-ray operator (2.4). The operators ψan (x) and Fn(x) are given by linear combinations of 
gaugino field, ψaα(x), and self-dual part of the strength tensor, Fαβ(x),
ψan (x) = λα(n)ψaα(x), Fn(x) = λα(n)λβ(n)Fαβ(x). (5.3)
Notice that the right-hand side of (5.1) does not involve all field components in N = 4 SYM. 
The reason for this is that constructing the superfield (5.1) we only used two (out of four) super-
charges. In fact, as we show in Appendix A, the operator Z(x, θ) defines the N = 2 part of the 
full N = 4 light-cone superfield. The latter superfield contains spurious field components (see 
Eq. (A.2)) whose contribution should be carefully separated [43]. To avoid this complication we 
prefer to deal with the N = 2 superfield (5.1).
To define form factors of supersymmetric light-cone operators, we also need a supersymmetric 
extension of the on-shell asymptotic states. The operators (Z(x), ψan (x), Fn(x)) create out of 
vacuum particles with helicity h = (0, +1/2, +1), respectively, e.g.〈
0
∣∣ψaα(x)∣∣p, 12 , b〉= λα(p) δabeipx, 〈0|Fαβ(x)|p,1〉 = λα(p)λβ(p) eipx, (5.4)
where λα(p) is defined by light-like momentum of particles pαα˙ = λα(p)λ˜α˙(p). To simplify 
formulae we do not display here colour indices. In a close analogy with (5.1), we can combine 
the single-particle states |p,h〉 into a single N = 2 superstate by introducing odd variables ηa
(with a = 1, 2)
|p,η〉 =
[
a
†
0(p)+ ηaa†1/2,a(p) +
1
2
abη
aηb a
†
1(p)
]
|0〉
≡ |p,0〉 + ηa∣∣p, 12 , a〉+ 12abηaηb|p,1〉. (5.5)
Here a†h(p) is the creation operator of a massless particle with light-like momentum p
μ and 
helicity h. To equate the helicity charge of three terms on the right-hand side of (5.5), we assign 
helicity (−1/2) to odd variables ηa . As before, the superstate |p,η〉 describes N = 2 part of the 
full N = 4 supermultiplet of on-shell states.
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〈0|Z(x, θ)|p,η〉 =
[
1 + 〈np〉(θη)+ 1
2
〈np〉2(θη)2
]
eipx = eipx+〈np〉(θη), (5.6)
where 〈np〉 = λα(n)λα(p) and (θη) = θaηa . To define the supermomentum carried by the super-
field, we perform Fourier transformation of (5.6) with respect to xμ and θa∫
d4x e−ikx
∫
d2θ e−(θϑ)〈0|Z(x, θ)|p,η〉 = (2π)4δ(4)(k − p)δ(2)(ϑ − 〈np〉η). (5.7)
We conclude from this relation that the odd momenta carried by the superfield and the superstate 
(5.5) are related to each other as ϑa = 〈np〉ηa .
5.2. Light-ray operators in superspace
Supersymmetric generalisation of the light-ray operator (2.4) looks as
O(Z) = tr[Z(z1n, θ1) . . .Z(zLn, θL)], (5.8)
where Z = (z1, θ1), . . . , (zL, θL) denotes the coordinates of L supefields in the light-cone super-
space. As before, the gauge invariance can be restored by inserting the light-like Wilson lines 
between the adjacent superfields. Similar to (2.1), the expansion of O(Z) in powers of z’s pro-
duces local operators of length L containing an arbitrary number of covariant derivatives. Further 
expansion in powers of θ ’s yields operators tr[Dk1+ X1 . . .DkL+ XL] of different partonic content 
X = (Z, ψan , Fn).
Different components of the superfield (5.1) are transformed under the conformal SL(2) trans-
formations according to (2.10) and carry the conformal spin, jZ = 1/2, jψ = 1 and jF = 3/2. 
When combined together, they define the so-called atypical, or chiral, representation of the su-
perconformal SL(2|2) group [43]. Namely, the light-cone superfield Z(zn, θ) transforms linearly 
under the SL(2|2) transformations
δGZ(zn, θ) = GZ(zn, θ), (5.9)
with the generators G = {L±, L0, Wa,±, V ±a , T ab } given by the differential operators acting on 
its coordinates
L− = −∂z, L+ = z + z2∂z + z(θ · ∂θ ), L0 = 12 + z∂z +
1
2
(θ · ∂θ ),
Wa,− = θa ∂z, Wa,+ = θa
[
1 + z∂z + (θ · ∂θ )
]
, Tb
a = θa∂θb −
1
2
δab (θ · ∂θ ),
V −a = ∂θa , V +a = z∂θa , (5.10)
where ∂z ≡ ∂/∂z and θ · ∂θ ≡∑a=1,2 θa∂/∂θa . A global form of the transformations (5.9) can 
be found in Ref. [43].
The super light-ray operator (5.8) belongs to the tensor product of L copies of the SL(2|2)
representations. Similarly to (2.13), we can classify all possible local operators entering the OPE 
expansion of O(Z) according to irreducible components that appear in this tensor product
O(Z) =
∑[
ΦS,α(Z)OS,α(0)+ descendants
]
, (5.11)S,α
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and its SL(2|2) descendants. The polynomial ΦS,α(Z) satisfies the lowest weight condition
L− ΦS,α(Z) = Wa,− ΦS,α(Z) = V −a ΦS,α(Z) = 0, (5.12)
and diagonalises the operators L0 and T ab T ba . Here, the SL(2|2) generators are given by the sum 
of differential operators (5.10) acting on the coordinates of L particles. In general, ΦS,α(Z) is 
given by a homogenous polynomial in z’s and θ ’s of the total degree S. For L = 2 its explicit 
expression can be found in Ref. [44]. For L ≥ 3 the relations (5.12) do not fix the polynomials 
ΦS,α(Z) completely. The additional condition for ΦS,α(Z) comes from integrability of the di-
latation operator for the light-ray operators (5.8) which can be mapped, to the lowest order in the 
coupling, into Hamiltonian of the SL(2|2) Heisenberg spin chain.
The operator OS,α(0) can be obtained from (5.11) as
OS,α(0) = Ψ S,α(∂Z)O(Z)
∣∣
Z=0, (5.13)
where ∂Z = (∂z1 , ∂θ1), . . . , (∂zL, ∂θL) and ΨS,α(P ) is a polynomial in P = (p1, ϑ1), . . . , (pL, ϑL). 
The two (super)polynomials, ΦS,α(Z) and ΨS,α(P ), uniquely determine the form of the super-
conformal operators and their contribution to the OPE (5.11). They satisfy the relations
Ψ S,α(∂Z)ΦS′,α′(Z)
∣∣
Z=0 = δSS′δαα′ ,∑
S,α
Ψ S,α(P )ΦS,α(Z) = 1
L
L∑
i=1
i+L−1∏
k=i
exp (p1zk + ϑ1θk) (5.14)
(with zk+L = zk and θk+L = θk) which generalise similar relations in the SL(2) sector, Eqs. (2.6)
and (2.7). The solution to these relations reads [44]
ΦS,α(Z1, . . . ,ZL) =
∞∫
0
L∏
k=1
dtk e
−tkΨS,α(t1Z1, . . . , tLZL)
= ΨS,α(∂W1 , . . . , ∂WL)
L∏
k=1
(1 −wkzk − ζk · θk)−1
∣∣∣∣
wk=ζk=0
, (5.15)
where Zi ≡ (zi, θai ) and ∂Wk ≡ (∂wk , ∂ζk ).
The relations (5.15) are remarkably similar to those in the SL(2) sector, Eqs. (3.5) and (4.15), 
and they are coincide for θai = 0. Indeed, the super light-ray operator (5.8) reduces for θai = 0 to 
its lowest component given by (2.4). This allows us to interpret the polynomial ΦS,α(Z) as being 
obtained from the analogous polynomial in the SL(2) sector through the lift from the light-cone 
to the superspace zi → (zi, θi) [43].
5.3. Baxter operator for the SL(2|2) spin chain
To lowest order in the coupling, the scale dependence of the super light-ray operators (5.8) in 
planar N = 4 SYM can be determined from the eigenspectrum of the SL(2|2) Heisenberg spin 
chain. Namely, the polynomials ΦS,α(Z) coincide with the eigenstates of the spin chain whereas 
the corresponding energies determine the one-loop correction to the anomalous dimension of the 
superconformal operators in (5.11).
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spin chain with the spectral problem for the Baxter Q-operator
Qi (u)ΦS,α(Z) = QS,α,i(u)ΦS,α(Z). (5.16)
Here we introduced the subscript i = 1, . . . , 4 to indicate that there are few Q-operators in this 
case. The operators Qi (u) act on the tensor product of L copies of chiral SL(2|2) representation 
and satisfy the same defining relations as in the previous case. Namely, the operators Qi(u)
commute with the SL(2|2) transfer matrices and among themselves but the corresponding TQ 
relations are move involved in this case. A general approach to constructing such operators has 
been developed in Refs. [45,46].
For our purposes, we will only need an explicit expression for one of the Q-operators which 
plays a special role in finding the eigenspectrum of the model – it determines the Hamiltonian 
of the SL(2|2) magnet through the same relation as for the SL(2) spin chain, Eq. (4.5). Denoting 
this operator by Q(u), we find that it acts on a test polynomial Φ(Z1, . . . , ZL) depending on 
Zi = (zi , θai ) as
Q(u)Φ(Z1, . . . ,ZL)
= cQ
[

(
iu+ 1
2
)

(
−iu+ 1
2
)]−L 1∫
0
L∏
i=1
dτi τ
−iu−1/2
i (1 − τi)iu−1/2
×Φ(τ1Z1 + (1 − τ1)Z2, . . . , τLZL + (1 − τL)Z1), (5.17)
where cQ is a normalisation factor and we used the shorthand notation for αZ1 + βZ2 = (αz1 +
βz2, αθ1 + βθ2). This operator satisfies the relations
Q(i/2) = cQ, Q(−i/2) = cQP, (5.18)
where P is the operator of cyclic shifts (zi, θi) → (zi+1, θi+1). Applying the second relation in 
(5.15), we can obtain another, equivalent representation for the operator (5.17)
Q(u)Φ(Z)
= cQ Ψ (∂W )
L∏
i=1
(1 −wizi − ζi · θi)iu−1/2(1 − wizi+1 − ζi · θi+1)−iu−1/2
∣∣∣∣
W=0
, (5.19)
where ∂Wi ≡ (∂wi , ∂ζi ). As before, we observe a striking similarity of (5.17) with the analogous 
expression (4.3) for the SL(2) magnet. This is not accidental of course since for θai = 0 (with 
i = 1, . . . , L) the eigenstate ΦS,α(Z) reduces to its lowest component which satisfies the SL(2)
Baxter equation (4.3).
Let us examine the asymptotic expansion of the operator Q(u) at large u. We rescale wi →
wi/u and ζi → ζi/u on the right-hand side of (5.19) and go along the same lines as in (4.17) to 
get
Q(u)Φ(Z) = cQ
[
1 +O(u−1)]Ψ (−iuP )∣∣
Pi=Zi−Zi+1 , (5.20)
where the Ψ -polynomial is evaluated for Pi = (zi,i+1, θai,i+1). Finally, we replace a test polyno-
mial in (5.20) with the eigenstate of the Q-operator, use the fact that ΨS,α(P ) is a homogenous 
S.É. Derkachov et al. / Nuclear Physics B 886 (2014) 1102–1127 1123polynomial in P of degree S to find from (5.16)
ΨS,α(P ) = ξS,α ΦS,α(Z), Pi = Zi −Zi+1, (5.21)
with ξS,α = iS/cQ = iS/QS,α(i/2). This relation extends the SL(2) duality symmetry (2.21) to 
a larger SL(2|2) sector in planar N = 4 SYM. As before, the duality relation (5.21) involves the 
polynomial ΨS,α(P ) evaluated for the total supermomentum equal to zero, 
∑
i Pi = 0. Neverthe-
less, similar to the situation in the SL(2) sector, the duality relation (5.21) combined with (5.15)
allows us to determine ΨS,α(P ) for an arbitrary total momentum.
5.4. Dual superconformal symmetry
Let us show that the relation between the two sets of variables Pi = Zi − Zi+1 in (5.21)
corresponds to the collinear limit of general dual superconformal transformations (1.1). To this 
end, we consider supersymmetric extension of form factors introduced in Section 2.3
FS,α(p,η) = 〈0|OS,α(0)|p,η〉 = Ψ S,α(∂Z)〈0|O(Z)|p,η〉
∣∣
Z=0, (5.22)
where in the second relation we applied (5.13). Here |p,η〉 denotes the on-shell state of L super-
particles (5.5) carrying the light-like momenta pin¯μ and the odd coordinates ηi .
The super form factor (5.22) has a well-defined expansion in powers of η’s. The lowest 
component of the expansion, FS,α(p, 0) coincides with the scalar form factor considered in Sec-
tion 2.3 whereas the remaining terms describe form factors evaluated over the states involving 
scalars, helicity (+1/2) gaugino and helicity (+1) gluons. To the leading order in the coupling, 
we replace each superfield in the light-ray operator (5.8) with the plane wave (5.6) to get
FS,α(p,η) = L tr
(
T a1 . . . T aL
)
Ψ S,α(∂Z)
L∏
i=1
eipizi+〈npi 〉(θiηi )
∣∣∣∣
Z=0
+ (perm), (5.23)
where ‘perm’ denote terms with permutations of (pi, ai, ηi) and we took into account the cyclic 
symmetry of the polynomial ΨS,α . In this way, we obtain
FS,α(x;p,η) = L tr
(
T a1 . . . T aL
)
ΨS,α(P )+ (perm), (5.24)
where the polynomial on the right-hand side is evaluated for supermomentum Pk = (ipk,
〈npk〉ηak ).
According to (5.21), the form factor (5.24) is related to the coefficient function ΦS,α(Z) when 
expressed in term of the dual variables
pi = zi − zi+1, 〈npi〉ηai = θai − θai+1. (5.25)
Then, the superconformal SL(2|2) symmetry of ΦS,α(Z) is translated through the duality relation 
(5.21) into the dual superconformal symmetry of the form factor. Comparing (5.25) with the 
general expression for the dual variables (1.1) we observe that, in the collinear limit (2.18), the 
two sets of variables are related to each other as
x
μ
i = zi n¯μ, θα ai = θai
λα(n¯)
〈nn¯〉 , (5.26)
where n¯αα˙ = λα(n¯)λ˜α˙(n¯). Thus, the dual relation (5.21) can be interpreted as yet another mani-
festation of the dual superconformal symmetry in planar N = 4 SYM.
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In this paper, we studied the properties of conformal operators in the SL(2) sector and its su-
persymmetric extension. The correlation functions of these operators and their form factors with 
respect to asymptotic on-shell states are determined by two different polynomials which can be 
identified as eigenstates of the dilatation operator in the momentum and coordinate representa-
tions. As such, these polynomials respect the conventional N = 4 superconformal symmetry and 
are related to each other through an integral transformation which is analogous to the Fourier 
transformation for the discrete series representation of the SL(2) group. We argued that, in virtue 
of integrability of the dilatation operator in planar N = 4 SYM, the two polynomials satisfy a du-
ality relation – they are proportional to each other upon an appropriate identification of momenta 
and coordinates.8
The duality relations (1.5) and (1.8) imply that eigenstates of the SL(2) dilatation operator 
possess the N = 4 dual superconformal symmetry. The dilation operator is believed to be inte-
grable in planar N = 4 SYM and its eigenvalues can be found for any coupling [2]. The dual 
conformal symmetry allows us to extend integrability to the corresponding eigenstates. Indeed 
we have shown in this paper that the spectrum of one-loop eigenstates is integrable in the sense 
that it is uniquely fixed by the dual symmetry. What happens beyond the leading order? To verify 
the dual symmetry at higher loops, we can use the explicit expression for the dilatation operator 
in the SL(2|2) sector constructed in Ref. [58]. Going through diagonalisation of this operator, it 
can be checked that the dual conformal symmetry survives to two loops [47]. All-loop proof of 
the dual symmetry remains an open problem.
We used the relation between the one-loop dilatation operator and the SL(2) Heisenberg spin 
chain to show that the dual symmetry is generated by the Baxter operator Q(u), more precisely, 
by the leading term of its asymptotic expansion for large values of the spectral parameter u. 
Assuming that the dual conformal symmetry is present at higher loops, what could be the operator 
that generalises the Baxter Q-operator and generates the dual symmetry beyond one loop?
We employed the light-cone superfield formalism to obtain supersymmetric extension of the 
duality relation. In this formalism various field components in N = 4 SYM can be combined into 
a single light-cone superfield in such a way that the relations obtained in the SL(2) sector can 
be easily extended to the SL(2|2) sector. Trying to extend the duality relation to larger SL(2|4)
sector we encounter the following difficulty. The N = 4 light-cone superfield has spurious field 
components (see Appendix A) whose contribution to the duality relation should be carefully 
separated while preserving the superconformal symmetry.
Finally, it would be interesting to generalise the duality relation from the SL(2|4) sector to the 
full PSU(2, 2|4) superconformal group. For this purpose, it is suggestive to relax the condition 
for all scalar fields in (1.2) to be located along the same light-ray and consider a more general 
operator like a supersymmetric light-like Wilson loop modified by the additional insertions of 
N = 4 superfields at the cusp points. Expansion of such operator in powers of like-like distances 
produces the most general local Wilson operators in N = 4 SYM. We expect that the duality 
relation analogous to (1.8) should hold in this case with the corresponding super-coordinates 
related through (1.1). This question deserves further investigation.
8 The situation here is similar to the well-known property of harmonic oscillator Hamiltonian H = p2/2 +x2/2 whose 
eigenstates in the coordinate and momentum representations are related to each other through Fourier transform and, at 
the same time, they coincide (up to an overall normalisation factor) upon identification x ∼ p.
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Appendix A. Light-cone superfield and superstates in N = 4 SYM
In this appendix, we review how various on-shell states and the corresponding quantum fields 
are described in the light-cone superspace approach in N = 4 SYM.
Asymptotic states in N = 4 SYM include six real scalars, gluons with helicity (±1) and four 
gaugino with helicity (± 12). These states can be combined into a single N = 4 superstate by 
introducing Grassman variables ηA (with A = 1, . . . , 4) [18]
|p,η〉N=4 =
[
a
†
−1(p)+ ηAa†−1/2,A(p)+
1
2
ηAηB a
†
0,AB(p)
+ 1
3!ABCDη
AηBηCa
†D
1/2(p)+
1
4!ABCDη
AηBηCηDa
†
1(p)
]
|0〉, (A.1)
where a†h(p) is the creation operator of a particle with helicity h and light-like momentum pμ. 
The scalar and gaugino states carry the R-symmetry charge and their creation operators have the 
additional SU(4) indices. The odd variables ηA have the helicity (−1/2), so that each term in the 
expansion of the superstate has the same helicity charge (−1).
Each term in the expansion of the superstate (A.1) is associated with the corresponding quan-
tum field. Similar to (A.1) we can combine various field components into a single light-cone 
superfield by introducing odd coordinates θA (with A = 1, . . . , 4) [41–43]
ΦN=4(x, θA) = (in∂)−2F¯n(x)+ θA(in∂)−1ψ¯An (x)+
1
2
θAθBφ
AB
+ 1
3!
ABCDθAθBθCψnD + 14!
ABCDθAθBθCθDFn(x). (A.2)
Here the coefficients in front of powers of θA involve special components of field operators which 
describe independent propagating degrees of freedom in N = 4 SYM theory quantised on the 
light-cone in the gauge (n ·A(x)) = 0 with n2 = 0. They are given by gaugino and strength tensor 
fields projected onto (anti)holomorphic spinors defining the light-like vector nαα˙ = λα(n)λ˜α˙(n)
ψAn (x) = λα(n)ψAα (x), ψ¯nA(x) = λ˜α˙(n)ψ¯ α˙A(x),
Fn(x) = λα(n)λβ(n)Fαβ(x), F¯n(x) = λ˜α˙(n)λ˜β˙ (n)F¯α˙β˙ (x), (A.3)
with Fαβ and F¯α˙β˙ being (anti) self-dual part of the strength tensor, Fαα˙,ββ˙ = Fαβα˙β˙ + F¯α˙β˙ αβ . 
The remaining field components can be expressed in terms of those in (A.3) through the equations 
of motion.
The operator Φ(x, θA) creates out of vacuum the N = 4 multiplet of single particle on-shell 
states (scalars, gaugino and gluons). Evaluating the matrix element 〈0|Φ(x, θA)|p,η〉 with re-
spect to the superstate (A.1) we find that each term of the expansion (A.2) produces a plane wave 
with the quantum numbers of the corresponding state
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= eipx
(
1
〈np〉2 +
(θ · η)
〈np〉 +
1
2
(θ · η)2 + 1
3! 〈np〉(θ · η)
3 + 1
4! 〈np〉
2(θ · η)4
)
, (A.4)
where (θ · η) = θAηA and 〈np〉 = λα(n)λα(p). The same relation can be rewritten in a compact 
form as
〈0|Φ(x, θ)|p,η〉 = 〈np〉−2eipx+〈np〉(θ ·η). (A.5)
It allows us to identify the supermomentum conjugated to the odd coordinate θA to be 〈np〉ηA. 
Notice that the additional factor of 〈np〉−2 on the right-hand side of (A.5) is needed to match 
helicity (−1) of the superstate (A.1).
The light-cone superfield (A.2) belongs to the representation of the SL(2|4) superconformal 
group of spin (−1/2) (see [43]). This representation is reducible due to the following unusual 
feature of (A.2). Notice that the first two terms on the right-hand side of (A.2) contain inverse 
derivatives and, therefore, the corresponding field operators are nonlocal. Expanding the super-
field (A.2) around x = 0 we can identify the nonlocal spurious components to be ∂−2+ F¯n(0), 
∂−1+ F¯n(0) and ∂−1+ ψ¯An (0) (with ∂+ ≡ (n · ∂)) and verify that they define an irreducible SL(2|4)
component of the N = 4 superfield. The presence of nonlocal spurious components inside 
Φ(x, θ) complicates the construction of the dilatation operator in the SL(2|4) sector [43].
We can avoid the problem with reducibility of N = 4 superfield by using the formulation of 
the same gauge theory in terms of N = 2 light-cone superfield. The latter can be identified as the 
coefficient in front of θ3θ4 in the expansion (A.2)
ΦN=2(x, θa) = ∂θ4∂θ3ΦN=4(x, θA). (A.6)
This superfield depends on two odd coordinates θa (with a = 1, 2) and its explicit expression is 
given by (5.1) with Z = φ34. It is straightforward to verify that the spurious components do not 
appear in ΦN=2(x, θa) and, as a consequence, it belongs to the irreducible representation of the 
SL(2|2) group of spin 1/2. In the similar manner, we can project the N = 4 on-shell superstate 
(A.1) on its N = 4 component by retaining terms proportional to η3η4∣∣p,ηa 〉N=2 = ∂η4∂η3 ∣∣p,ηA〉N=4 (A.7)
leading to (5.5).
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